
l\ lATH.l\lA.210 D iscretc 111nU1cmat,ics E,rnn1 , 08.05.2025 

Yo11 lllT to 1111:,;wt'r fi vc onl of t ltt• followin11, :-i-: l(Ul's t 1011:-1. Do 1101. :-1 11l1111i1 111orc a11swcrs, 

1 will 011ly gTnd(• 1 h<' 11rst 5. in I h1· nnl<'r i11 whidi t lw_r rLJ>p1•11r 1111 1111• p11 p<'r. 

(1'l111~1• 1 hnt haw ngrrcd 011 n SJll'C'inl 1u-rang,·n11•11I. for 1111' 1·x11111 :-1l11,11ld a11-.w1•r four , Lo 

gin- ~-llll lll llr C t inw pr r qllt'S l ion) 

Ques tions 

V,1 Tlw 1miwnrnl :-<'t in t his qnrstion is the posil1.Vc integern, i.c., intcgers grcal cr Lhan or 

P<J1111J t.o J . Yon will he askrd to define seis or writc logical ::;tat,cments or prcd icates. 

Plrnse rarcfully t hiuk which is which. You ::i re allowcd to usc single digit 1111mbers 1 !J 

as rnustants in your fornmlas. 

(a) Dcfi11c thc i-ct of cven 11111nbcrs 

(b) Writc thc prcdicatc p(:r) which statcs lhat :r is a primc 11111nbcr 

(c) \\"rilc thc Goldbach conjeclure, which says " P,vcry cven n11mbcr can he cxpressed 

as a. sum of two primrs" . 

0Pro,·e thc following is truc for n E Z+ by inrluction: 

5" - 1 is di,·isible by 4 

NOTE: Use induc-tion! 

The n&tural <:11;i~uce.:, nnd- engincering programme has 100 studer1ts.- 60-St11dy math­

cmatics. 70 study physics. 50 stndy Chemistry. 30 students study both Math ancl 

Physics, whfä~ 25 study both Math and Chemistry. 35 study both physics and chem­

ist 1y. 10 study ali three subjects. 

(a) How many students study physics and chemistry but not mathematics'! 

(b) How 1111-my students study exactly one of the three topics? 

(c) How many studenl.s study at !east two of the three topics? 

@ Let A = { 1. 2, 3, 4, 5, 6, 7} be a sct and definc the relation R iu such a way 

(a , /1) E R (or, if we prcfor thc infix notation, a.Rb) if and only if a dividcs b 

(a) Is R ai, cquivalcncc rclation? Prove or explain why not. 

(b) Is R a partial ord<'r relaticm? Prove or cxplain why not 

., that 

(<' ) Au elcment x is said l.o be maxim11/ elernent of a relation R if aud only if therr 

<locs nol cx:ist an clcrnent y f, :r such that (:r , y) E R, ancl similarl>·, 111111imnl if 

ru1d only thcrc docs not cxist an clcmcnt y :/; :r such thaL (y. :r) E R. Find thc 

111;ixim11 l and !llinimnl clemcnts of R in t his cnsc 



r 

-

/ :i. ) A six-sid1' d di_l' is l '.11 1, llll t.hC' (.nhlt, in s11rh n way (;ha i. t hc lllllnhcr l is ()11 Lop. One of 
\ thl' mnnbcrs 1s focmg you. (Il1•1111,1111,cr, n G-sidcd dic has numbcrs 1- 6 and Lhc sum 

0f opposite si1lrs is a lwny:-- 7) Yol! arr a llow<•d l.o dn on<' of 1,hc followi11g op erations on 
lh<' dire: 

• Ilot11te t hl' dic wit,hout lift.ing it, orr the toblc, i.<~., thc J remains on top ali the 
t.ime. T her<' nre four ways of doing thls, bul onc of 1,he111 rotalcs thc die 360 
d1•gm,s, so it rloesn't. actually do anything. 

• Flip t,he <l ie so that t he numbcr on top becomes the number on t he bottom and 
vice vcrsa. (I.e., if the top ntunber is 1 t hen it becomes 6, and if it is 6 it becomes 
1) while the number faciug you remains t hc same. 

(a) Jfow many different configural. ions are possible for t he clie? 

(b) Show that thcsc rotatious and flips acting on the die form a group. 

(c) 1s the group commutative? Eit her prove that it is or show a sit uation where it is 
not. 

6. (a) What is the remainder when 32023 is divided by 14? HINT: Euler is your friend , 
but if you like hard work, you can still do wit hout him. 

(b) Whic\1 of the following equations have unique solutions, and why / why not? List 
all solutions (i.e. , ali equivalence classes, obviously, as t here are infinite many 
solutions when a solut ion exists) 

i. 4x = 7 mod 14 

ii. 4x = 8 mod 14 

APPENDIX: Some helpful formulas and definitions 

Definition 1. lf a relation is refJexive, symmetric, and transitive, we call it an eqttivalence 
relation or simply an equivalence. 

Definition 2. Jf a relation is reflexive, a,ntisymmetric, and transitive, we call it au partial 
order relation. 

Definition 3. A group is a pair (G, • ) where G is a set • is an operation on G wit h the 

followi1\g}Properties ,, 

1. Associativity: (a • b) • c = a • (b • c) foJ a, b, ancl c E G. 

2. Identi ty element: There exists an elcment e E G such that e • a = a • e = a for every 
aE G. 

3. Jnverse: for evcry a E G t here is an elemenL a- 1 E G such thai. a • a-1 = a- 1 
• a = e. 

Definition 4. Let n E Z+. If for two numbers a, b E .Z we have n 1 (a - b) , we say that a is 
congruenl with b modulo n and we dcnote a = b (mod n ) ora =,. b. 
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